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Abstract 
Sinden, F.W., Coloring drawings of bipartite graphs: A problem in automated assembly, Discrete 
Applied Mathematics 41 (1993) 5568. 
Several workpiece carriers or vehicles are tethered to fixed bases. The vehicles are to visit a cycle of 
stations according to a given schedule. The vehicles can do this without tether collisions only if the bases 
and stations are feasibly located in the plane. Finding feasible configurations of bases and stations 
reduces, under idealizing assumptions, to a previously unexamined problem in graph coloring: find 
rectilinear planar drawings of the complete bipartite graph Km,, with mzn whose edges can be colored 
with n colors so that no two edges of the same color intersect. 
Useful but fragmentary results are reported: An exhaustive classification is found for feasible config- 
urations of three or fewer bases and three or fewer stations; necessary and sufficient conditions for 
feasibility are found in the case of two vehicles and any number of stations; three classes of feasible 
configurations with unlimited numbers of bases and stations are identified, but whether these exhaust 
the possibilities is an open question. An answer to this question would be helpful to the designers of 
assembly systems using tethered workpiece carriers. 
1. Introduction 
On conventional assembly lines two kinds of motion can be distinguished: the 
gross movement of workpieces from one station to the next, and the fine positioning 
of tools or sensors with respect to the workpiece once it is in the station. Typically 
the first is provided by a conveyor, and the second by a person or by a precise robot 
with several degrees of freedom. Sony [7] has developed an automatic machine for 
assembling its Walkman that uses a different allocation of motions: A platform (xy- 
table) that moves in the horizontal plane provides both gross and fine positioning 
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of workpieces in x and y, while station robots are confined to linear and rotary 
motion along and about the z-axis. This allows the station robots to be much simpler 
than conventional robots and much more compact in the x and y directions. 
We consider here a system that is similar to Sony’s except that it uses, in place 
of the single xy-table, a set of m independent vehicles moving simultaneously 
around the cycle of stations. The multiplicity of vehicles boosts the production rate 
by a factor of m as compared to the single vehicle system. 
The most satisfactory vehicle developed to date for this purpose is wheelless: It 
floats on an air bearing and is driven in x and y by linear motors keyed to a pattern 
of ferromagnetic squares imbedded in a planar platen [8]. Its primary drawback is 
that it is connected by an “umbilical cord” or tether (carrying compressed air, 
power and signals) to a fixed base. If such vehicles are to be used in an assembly 
system, the bases and stations must be arranged so that the vehicles can move 
around the cycle without colliding with the tethers. 
Although the tethers pose a number of problems, alternatives pose problems too. 
The most obvious alternative is to get rid of the tethers altogether. This, however, 
requires a portable power source, and, if the considerable advantages of the air 
bearing are not to be sacrificed, a portable compressor, together with some method 
of recharging the power source or exchanging and recharging power capsules. In 
addition, a wireless transmission system of some kind must be provided for 
signaling. All of this adds bulk, weight and complexity to the vehicles and adds one 
more station for recharging. 
The choice between tethers or no tethers is a choice between two sets of 
complications. The purpose of this paper is to explore some of those associated with 
tethers. We show first that the problem of finding arrangements of bases and 
stations that permit collision-free movement of the vehicles can be reduced, by 
means of a simple idealization, to the problem of finding planar embeddings or 
drawings of bipartite graphs with certain colorability properties. 
Included in this idealization is the requirement that all vehicles make their 
interstation moves simultaneously. If processing times vary from station to station, 
this requirement imposes a degree of inefficiency on the system because it means 
that some vehicles must sit idle part of the time waiting until all vehicles are finished 
so that all can simultaneously move ahead. It can be shown, however, that the 
feasible configurations of bases and stations derived under the simultaneity 
requirement can in fact accommodate large classes of nonuniform schedules, and 
in one case all schedules, without imposing waiting time. These schedule results are 
stated, but their proofs are beyond the scope of this paper, whose subject is the 
graph coloring problem. 
2. Coloring drawings of bipartite graphs 
At any moment, the m vehicles are assigned one-to-one to m of the n stations 
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(men). At times AT,2AT ,..., nAT, the vehicles are reassigned, and they move 
simultaneously to their new assignments. The assignments are such that in the 
course of one complete cycle, each vehicle visits each station exactly once. If every 
vehicle visits the stations in the same cyclic order, we will say that the schedule of 
assignments is a follow the leader schedule. 
Each tether is provided with an accordian-like or other take-up mechanism so that 
the tether can vary in length while remaining straight. Although deviations from 
straightness might be physically possible under some conditions (one such instance 
is mentioned below), we here make the conservative assumption that the tethers 
must remain straight at all times. 
We wish to find configurations of bases and stations that are such that no two 
tethers ever need to cross. To show that this is true for a particular configuration, 
it is sufficient to show only that each of the n assignments is crossing-free, because 
if that is the case then the vehicles can always get from one assignment to the next 
by pulling straight back to their bases and moving straight out to their new 
assignments. While always sufficient, this maneuver is seldom necessary. 
Consider a graph having m vertices representing the bases and n more vertices 
representing the stations (m in). The kth assignment is represented by the set Ek 
of edges joining the m base vertices to the assigned station vertices. Since no two 
edges in Ek have a common vertex, Ek is a matching. The graph whose edges are 
the union of E 1, . . . , E,, is the complete bipartite graph K,,,.. To keep track of the 
separate matchings E,, . . . , E,, it is useful to think of the edges in Ek as having a 
distinctive color C,. 
A mapping of a graph into a surface (vertices into points, edges into curve 
segments) is often called a drawing of the graph [4]. A planar drawing is said to be 
rectilinear if the edges map into straight-line segments. (Rectilinear will always be 
taken to imply planar.) In a rectilinear drawing of the colored bipartite graph K,,,. 
the edges of color C, represent the tethers as they are positioned under the kth 
assignment. 
Idealized and reformulated as a graph coloring problem, then, the tether crossing 
problem becomes the following: Find rectilinear drawings of the complete bipartite 
graph L,. ( n > m w - ) h ose edges can be colored with n colors so that no two edges 
of the same color intersect (including at endpoints). We will say that a particular 
drawing is feasible or has a solution if it is colorable in this way. 
A solution to this problem may or may not allow a follow the leader schedule in 
which all the vehicles visit the stations in the same order. An arbitrary ordering of 
station visits can be described by a Latin rectangle’: Element k, identifies the time 
interval k during which vehicle i visits station j. The elements of row i, then, specify 
the order in which vehicle i visits the stations. If the ordering of the columns can 
be chosen so that the rows are all cyclic permutations of the order 1, . . . ,n, then the 
’ Every row and column of an n x n Latin square contains each of n symbols exactly once. A Latin 
rectangle is a set of m rows (columns) extracted from a Latin square. See [l]. 
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SOLUTION NO SOLUTION EXISTS 
I I I 
SOLUTIONS NO SOLUTIONS EXIST 
Fig. 1. Nonisomorphic drawings of K2,2 and K2.3 
vehicles conform to a follow the leader schedule. Given a particular drawing of 
K m,n, it may well be possible to find a feasible edge coloring, but not an ordering 
of colors that gives a follow the leader schedule. Examples of this kind are given 
below. 
3. Cases of small order 
Rectilinear drawings of K,,. can be classified according to their crossings. Two 
rectilinear drawings will be called isomorphic if their vertices can be labeled in such 
a way that edge crossings correspond. For each m, n there is some finite number of 
classes of isomorphic drawings. Not much is known about this classification. For 
example, even the minimum number of crossings in any drawing is not known for 
general m, n. See [2-61. 
For m,nl3 the numbers of colorable classes are the following: K2,2 has two 
classes of isomorphic rectilinear drawings, one colorable, one not; K,,, has four 
classes of rectilinear drawings, two colorable, two not. These are illustrated in 
Fig. 1. K,,, has three colorable classes and a number of noncolorable classes. The 
colorable classes are illustrated in Fig. 2. A proof for the K,,, result is given below. 
Similar methods prove the K2,3 result. 
Theorem 3.1. There are exactly three classes of isomorphic, colorable, rectilinear 
drawings of K3, 3. 
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We first prove two lemmas. 
Lemma 3.2. The number of crossings in any rectilinear drawing of K,,, is odd. 
More generally, the number of crossings in any rectilinear drawing of K,,, is odd 
if both n and (n - 1)/2 are odd. 
Proof. One rectilinear drawing of K,,. whose crossings are readily counted is the 
double row drawing in which the two sets of vertices are arranged in two parallel 
rows. The four edges joining an arbitrary pair of vertices from the first set with an 
arbitrary pair from the second set have exactly one crossing. Conversely, each cross- 
ing is associated with a unique quadruple of vertices consisting of a pair from each 
set. The number of vertex pairs in each set is n(n - 1)/2. Therefore the number of 
crossing is [n(n - 1)/212, which is odd if both n and (n - 1)/2 are odd. Any rec- 
tilinear drawing of K,,. can be transformed into any other by continuous move- 
ment of the vertices. Moreover, the movement can be chosen so that no two vertices 
cross edges at the same time. In the course of the movement the number of crossings 
changes only when a vertex V passes through an edge E. Just before such an event, 
some number v of the edges attached to I/ cross E, where 0 I v I n - 1. (One of the 
edges attached to I/ is also attached to one end of E). After V passes through E, 
exactly n - 1 - v of the edges cross E. The change in the number of crossings, then, 
is the difference: n - 1 -2~. If n is odd, this number is even. Therefore, if the 
number of crossings is odd before V crosses E, it remains odd afterwards. Since at 
least one rectilinear drawing of K,,, has an odd number of crossings, so do all 
others. 0 
Lemma 3.3. In any colorable rectilinear drawing of K3,3, the six edges attached to 
any pair of like vertices (both bases or both stations) can contain at most one cross- 
ing pair. 
In proving Lemma 3.3 it will be convenient to have the following definition: 
Given bases B, B’ and stations S, S’, the pair of edges joining B, S and B’, S’ is com- 
plementary to the pair of edges joining B, S’ and B’, S. Note that if a pair of edges 
crosses, then the complementary pair does not. 
Fig. 2. Colorable nonisomorphic drawings of KJ,~. 
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Fig. 3. Two vertices, six attached edges in a drawing of K-,3. 
Proof of Lemma 3.3. Let the six edges attached to vertices V and V’ be E,, E2, E3 
and E;, E;, E; as shown in Fig. 3. Suppose E, crosses El, and E2, E,’ is the pair 
complementary to E, , E,‘. Then if E, and E{ are assigned colors 1 and 2, the colors 
of the remaining edges are forced to be those shown in Fig. 3. The only additional 
pairs that are permitted to cross under the color rule are E3, Ei and E;, E2. We will 
show that the first of these cannot cross. By symmetry, a similar argument shows 
that the second pair cannot cross. Because E, crosses E[, edge E; must lie inside the 
sector bounded by the two rays originating at I/ and passing, respectively, through 
V’ and along E2. Moreover, E; and V must lie on opposite sides of E{. Therefore 
E3 cannot cross E; without also crossing E;. But the latter crossing is forbidden 
because E3 and E{ have the same color. Therefore E3 cannot cross E; and by sym- 
metry E; cannot cross E2. Thus there can be no more than the one postulated 
crossing pair in the set of six edges. 0 
Corollary. A colorable rectilinear drawing of K3,3 contains either one or three 
crossings. 
Proof. Each of the three pairs of like vertices can account for at most one crossing. 
Therefore there are at most three crossings. By Lemma 3.2, then, the number of 
crossings must be one or three. 0 
STATIONS 






Fig. 4. Base, station diagram. 
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Proof of Theorem 3.1. K,,, can be represented by a diagram consisting of three 
vertical lines representing stations and three horizontal lines representing bases. In- 
tersections of vertical and horizontal lines represent edges. It will be useful to think 
of the diagram as repeated indefinitely in all directions so that its replicas cover the 
whole plane. The resulting infinite, periodic diagram will be called the extended 
diagram (Fig. 4). 
An edge crossing in a drawing of K3,3 is represented by a line segment joining the 
two intersections associated with the crossing edges. It is easy to verify that in the 
extended diagram every possible crossing can be represented by a diagonal across 
a single mesh cell (or, more precisely, by an infinite, doubly periodic set of such 
diagonals). The two diagonals of a mesh cell represent complementary crossings. 
Thus only one diagonal can appear in any mesh cell. 
Any 3 x 3 square in the extended diagram will be called a fundamental region. The 
fundamental region is the smallest region that suffices to reconstruct the whole 
diagram by repetition. 
Any relabeling of the vertices of K3,3 corresponds to a rigid motion of the 
diagram. For example: 
(1) Horizontal (vertical) translation of the diagram cyclically permutes the station 
(base) indices. 
(2) Reflection in a horizontal (vertical) line reserves the cyclic order of the base 
(station) indices. 
(3) Reflection in a diagonal interchanges the roles of bases and stations. 
The group generated by transformations (l), (2), (3) is the group of all rigid map- 
pings that leave the diagram’s grid invariant. It corresponds exactly to the group of 
all relabelings of the vertices. Two drawings of K,,, are isomorphic, then, if and 
only if their extended diagrams can be made to coincide by a rigid mapping. 
Coloring the edges in K3,3 corresponds to coloring the intersections in the 
diagram. The coloring rules require that the color of the intersections in a fun- 
damental region constitute a Latin square. Since all Latin squares of order three are 
cyclical, the coloring must be diagonal, that is to say, all intersections lying along 
any diagonal of slope +l must have the same color, or else all intersections lying 
along any diagonal of slope - 1 must have the same color. 
A diagram represents a colorable rectilinear drawing of K3,3 if and only if its in- 
tersections can be colored so that (1) the above diagonal coloring rule is satisfied 
and (2) none of its mesh diagonals joins a pair of intersections of the same color. 
This is possible if and only if all of the mesh diagonals have the same slope. (If the 
diagram contains mesh diagonals of both slopes, then under any permissible color- 
ing of the intersections some mesh diagonal is bound to join intersections of the 
same color.) 
In terms of the diagram, Lemma 3.3 and its corollary have the following mean- 
ings: Lemma 3.3 says that any row or column of meshes in a fundamental region 
of a feasible diagram contains at most one mesh diagonal. The corollary says that 
any fundamental region contains either one or three mesh diagonals. 
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Fig. 5. Four nonisomorphic diagrams with three diagonals in each fundamental region. 
Any diagram with just one mesh diagonal in a fundamental region can be 
transformed into any other such diagram by a transformation in the group defined 
above. Therefore there is just one class of isomorphic drawings with a single cross- 
ing, and it is colorable. This class is exemplified by the leftmost drawing in Fig. 2. 
There are four nonisomorphic diagrams that have three mesh diagonals in each 
fundamental region and that satisfy Lemma 3.3. These are shown in Fig. 5. The first 
two correspond, respectively, to the middle and right-hand drawings in Fig. 2. The 
other two, containing mesh diagonals of both slopes, are excluded by the coloring 
rule. 
To see that only the four diagram types shown above need to be considered, note 
that Lemma 3.3 has the effect of constraining the meshes containing diagonals to 
always lie along diagonals of the extended diagram. Along such a diagram diagonal, 
the mesh diagonals can have any period-three sequence of positive and negative 
slopes. There are just four different binary sequences having period three if those 
that differ only by a translation are counted as identical. 
There are, then, just three nonisomorphic classes of colorable rectilinear drawings 
of Ks,s: one containing a single crossing and two containing three crossings. This 
completes the proof of the theorem. q 
4. Two bases, n stations 
In all of the cases of small order considered above, every drawing that is colorable 
at all has a follow the leader solution. That is because every Latin rectangle for 
which m I n I 3 is cyclic. When n > 3, colorable drawings appear for which there is 
no follow the leader solution. In the case of two bases and any number of stations, 
a simply stated theorem gives necessary and sufficient conditions for colorability. 
A more complicated theorem gives necessary and sufficient conditions for the ex- 
istence of follow the leader solutions. 
It will be convenient to identify the two bases as “left” and “right”: B, and B,. 
The n stations will be denoted by Si, . . . , S, . If edge B,, Si crosses edge BR, Sj, we 
will say that Si is to the right of Sj. It is easy to verify that the relationship is tran- 
sitive, and therefore imposes a consistent partial ordering on the stations. 
With any particular drawing of K2,n we associate the graph G whose vertices cor- 
respond to the n stations. Vertices i and j are connected by an edge of G if and only 
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if Si is neither to the left nor to the right of Sj. Graph G may or may not be con- 
nected. Let Gi, . . . , G, be the disjoint connected subgraphs of G, and let JGi ) be the 
number of vertices in Gi. 
IGil + .a. + IG,( =n. 
These numbers determine the existence of solutions. 
Theorem 4.1. If G is connected, there exists a follow the leader solution with lead 
interval one. 
Proof. Let S,, . . . . S, be any ordering of the stations such that Si+ I is not left of S; 
for any i. Since G is connected, there is a path P in G joining Si with S,,. Let the 
indices of the stations not on path P be i, < *** <ip. Let the indices of the stations 
on path P, ordered along the path from S, to S, be ip+ ,, . . . , i,. (Note that ip+, = n 
and i, = 1.) The reordering of the stations specified by il, . . . , i, yields a follow the 
leader solution with lead interval one: For the kth matching Ek, join BL with S’,, 
and B, with S,+, , where the index k+ 1 is taken mod n. If klp or if k= n, the 
edges in Ek do not cross because the station connected to BR is not left of the sta- 
tion connected to B,. If p < k< n, the edges in Ek do not cross because the two sta- 
tions, being joined by an edge of G, can be connected either way to the two 
bases. 0 
Theorem 4.2. A drawing of K,,. is colorable if and only if 1 Gi I> 1 for all i. 
Proof. Zf: A solution can be constructed by applying the algorithm given in the 
proof of Theorem 4.1 to the connected subgraphs Gi, . . . , Gg in succession. This is 
possible because each subgraph contains at least as many stations as there are bases 
(namely two). If the number g of subgraphs is greater than one, the resulting solu- 
tion is not of the follow the leader type, even though it is of that type within each 
of the subgraphs. 
Only if: It is easy to show that if station S, belonging to subgraph G, is left of 
station S, belonging to subgraph G2, then every station in Gi is left of every station 
in G2. The subgraphs, then, can be unambiguously ordered from left to right. Sup- 
pose IGi / = 1. The single station S* in Gi partitions the remaining stations into a 
left set containing I stations and a right set containing r stations (I+ r + 1 = n). If 
there is a solution, r of the matchings Ek must contain an edge joining B, with a 
station in the right set, and in all of these matchings, the edge from BR must also 
join a station in the right set. Otherwise the edges would cross. Another matching 
contains the edge joining B, with S*. Also in this matching, the edge from BR must 
join an edge in the right set. This means that there must be r+ 1 edges joining BR 
to different stations in the right set. But this is impossible because the right set con- 
tains only r stations. Therefore there can be no solution. 0 
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Theorem 4.3. If there is a follow the leader solution with lead interval one, then 
there is a follow the leader solution with any lead interval 1 that is relatively prime 
to n. 
Proof. In the solution with lead interval one, let the order of the matchings Ek be 
k=l , . . . , n. Reorder the matchings as follows: First, rename them by replacing the 
index k with lk mod n. Since 1 and n are relatively prime, the new indices span the 
range 1, . . . . n. Second, order the matchings according to their new indices. Under 
the initial ordering, the two edges joining any station belong to matchings whose 
indices differ by one. After the reordering, the index difference is 1. 0 
Theorem 4.4. Let r be the greatest common divisor of 1 and n. There is a follow the 
leader solution with lead interval 1 if and only if the set of stations can be partitioned 
into r disjoint subsets of n/r stations each in such a way that the edges of G form 
a connected graph on each of the subsets. 
Proof. If: This generalizes Theorem 4.1. Let the r connected graphs be denoted by 
Gr, . . . , G,. Since r is the greatest common divisor of 1 and n, l/r and n/r are 
relatively prime. By Theorems 4.1 and 4.3, there is a follow the leader solution for 
each of the subsets by itself with lead interval l/r. Assign double indices i, j to the 
stations as follows: Let i ( = 1, . . . , r) denote the subset to which the station Scj 
belongs; let j(=l,..., n/r) denote the order of stations within the subset that gives 
the follow the leader solution with lead interval l/r. Arrange the S,,j in a cycle with 
index k where 
k=(j-l)r+i. 
If the S,,j are arrayed in a matrix with rows indexed by i and columns by j, then 
the ordering specified by k scans down the columns from left to right. Since 1 is a 
multiple of r, stations separated by the lead interval 1 are in the same row, and in 
columns separated by l/r (counting cyclically). But the stations were ordered within 
each row so as to yield a follow the leader solution with lead interval l/r. The mat- 
ching Ek, then, is the same as the matching specified by the row solution, which we 
know to be crossing-free. Thus the cyclic ordering k= 1, . . . , n with lead interval 1 
gives a crossing-free solution. 
Only if: Consider any ordering of the stations Sk, k = 1, . . . , n. Double indices i, j 
for the stations are uniquely determined by the relations: 
1 <i<r, 1 sjln/r, k=(j- l)r+i. 
Suppose the two vehicles move around the cycle in the order of k separated from 
each other by the lead interval I. Since 1 is a multiple of r, the two vehicles are always 
at stations in the same row of the matrix S,, separated by l/r columns, counting 
cyclically. Suppose that there is no way to partition the n stations into r disjoint 
subsets of n/r stations each so that the edges of G form a connected graph on each 
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Fig. 6. Rectilinear drawing of K4.4 with no follow the leader solution. 
of the subsets. Then there is at least one row i^of the matrix such that the subgraph 
G formed by edges of G joining stations on row fis not connected. Denote by Ga 
the rightmost connected piece of G. For at least one value of k the vehicle connected 
to base BL is at a station in GR and the vehicle connected to B, is at a station in 
G but not in GR. In that case the tethers cross. Since this result occurs for any 
ordering of the stations, there can be no solution. 0 
5. Cases of larger order 
This section describes three canonical drawings of K,,,. (n 2 m 2 3) with follow 
the leader solutions. These may be regarded as generalizations of the three canonical 
drawings of K3,3 shown in Fig. 2. I have not found any follow the leader drawings 
with n 2 m 13 that are essentially different from these three or their isomorphs. I 
have also not been able to prove that this short list exhausts the possibilities, though 
some failed methods of proof seem to point in that direction. I would be most in- 









Fig. 7. Bilinear drawing. 
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with follow the leader solutions. It should be noted that larger-order feasible draw- 
ings with no follow the leader solutions do exist. An example for K4,4 is shown in 
Fig. 6. 
5.1. The bilinear drawing 
The M bases lie on one line (the x-axis) and the n stations lie on another, or- 
thogonal line (the y-axis). See Fig. 7. This drawing of K,,, is colorable for any m, n 
(with msn) if the numbers of bases ml,m2 and the numbers of stations nl,n2 on 
the two sides of the origin satisfy 
max(mt,m,)5min(nt,nz)+ 1. 
To color the bilinear drawing, label the bases and stations as follows: Label the 
bases on the left of the origin (Bi, . . . , El,,) and on the right of the origin 
(&,+,,...r B,). Similarly label the stations above the origin (St, . . . , S,,) and below 
the origin (&+i, . . . . S,). In each of the four subsets let the indices increase with 
distance from the origin. The coloring rule then is: Edge (B, Sj+k), where i+ k is 
taken mod n, has color C,. It is not hard to show that under this coloring rule and 
the inequality stated above, no two edges of the same color cross. 
For m = n = 3 the bilinear drawing is isomorphic to the left-hand drawing of K3,3 
in Fig. 2. 
5.2. The circular drawing 
The m bases and n stations lie on the periphery of a circle (Fig. 8). The drawing 
is colorable for any m I n if no two bases are adjacent. To see that this is so, con- 
sider first the case m = n, in which bases and stations alternate. It is easy to see that 
Fig. 8. Circular drawing. 
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Fig. 9. Annular drawing. 
this configuration is colorable. Now delete n - m of the bases. Deletion of bases can- 
not impair colorability. 
For m = n = 3, the circular drawing reduces to the middle drawing of K3,3 in 
Fig. 2. 
5.3. The annular drawing 
The bases are situated on the periphery of a small circle; the stations are situated 
on the periphery of a larger, concentric circle. The drawing is colorable if m = 3 and 
if the n stations are confined to the three arcs of the large circle bounded by the lines 
through the pairs of bases as shown in Fig. 9, with at least one station in each arc. 
The coloring rule is the following: Let Pi be a point on the larger circle that is so 
situated that the line segment joining it to base Bi passes through the interior of the 
triangle of bases. In the first matching El, base Bi is connected to the first station 
clockwise from Pie In subsequent matchings the bases are connected to the remain- 
ing stations in clockwise order. 
For m = n = 3 the annular drawing is isomorphic to the right-hand drawing of 
K,,, shown in Fig. 2. 
Although for m > 3 the annular drawing does not have a follow the leader solu- 
tion, it nevertheless suggests a possible arrangement for more than three tethered 
vehicles, if the requirement of tether straightness is relaxed. Any number of vehicles 
can be accommodated in the annular configuration if tethers are allowed to wrap 
around the circle of bases. Such possibilities go beyond the scope of this paper. 
5.4, Schedule constraints 
The idealization that reduced the tethered vehicle problem to the graph coloring 
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problem included the requirement that all vehicles move simultaneously from one 
station assignment to the next. As noted in the introduction, this imposes waiting 
time on the vehicles if the processing times required by the various stations are not 
all equal. For the configurations discussed above, however, it turns out that the re- 
quirement of simultaneous moves can be greatly relaxed so that much of this waiting 
time can be avoided. 
Let tj be the time required for processing a workpiece at station Sj. Ignoring 
travel time between stations, it can be shown that the bilinear configuration of bases 
and stations can meet an arbitrary schedule rl, . . . , t, without any waits at all. It can 
further be shown that the circular and annular configurations can meet without 
waits any schedule that satisfies the following condition: It is possible to partition 
the ti into m sequential subsets 
(fik, ti,+l9 **a9 ~it+,-l)> k= 1, ..a, m, indices mod n 
in such a way that the sum of the ti in every subset is greater than or equal to 
max(t,). 
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